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Summary. This paper proposes to model movements in more than a century of
daily US stock prices as the outcome of a multi-state marked point process and
studies the time it takes for stock prices to complete an up or a down move of a
certain size. We present a new econometric specification for a class of dynamic
models that account for autoregressive conditional duration effects. We also pres-
ent a method to account for the effect of time-varying state variables that may
change within a duration. We find strong evidence of dynamic dependencies in the
direction and speed of stock price movements. Past interest rates are also found
to affect the speed and direction of completion times. Out-of-sample prediction
results show that forecasts of the direction of moves in stock prices can be greatly
improved by including covariates such as interest rates and allowing for dynamics
in the econometric specification.

Keywords and Phrases: Completion time, Duration model, Stock price move-
ments, Time-varying covariates.
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1 Introduction

The extent to which stock market returns can be predicted has long been a key
question in finance. Predictable patterns in prices map into changes in investors’
optimal portfolio holdings, so different models for the evolution in stock prices
translate naturally into different asset allocations. Conversely, in the absence of
predictability of stock returns, investors face constant investment opportunities and
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their optimal stock holdings become independent of the investment horizon, (c.f.
Merton 1969; Samuelson 1969).

A vast body of empirical work on asset prices has found evidence that stock
returns are partially predictable either through past movements in stock prices—due
to the presence of a mean-reverting component (c.f. Fama and French, 1988; Poterba
and Summers, 1988) — or by means of time-varying predictor variables such as
interest rate spreads, default premia, the dividend yield, the earnings-price ratio
or similar variables (c.f. Campbell, 1987; Campbell and Shiller, 1988; Fama and
French, 1989; Ferson and Harvey, 1991; Keim and Stambaugh, 1986).

Another strand of this literature has documented predictability in higher order
moments of stock returns such as volatility (Glosten, Jagannathan and Runkle,
1993) or skew and kurtosis (Guidolin and Timmermann, 2004). In the presence of
such time-variations in the conditional return distribution, investors’ optimal asset
allocation will generally depend on state variables that track current and future
investment opportunities. Investors’ time horizon will also matter for their asset
allocation, as will the frequency of any rebalancing opportunities. This holds both
if investors’ objectives are to maximize expected utility or if they are simply inter-
ested in controlling risk.

Common to the vast majority of work on predictability in stock returns is that
it studies price moves over a fixed holding period such as a day, a week or a month.
Similarly, measures of risk are commonly based on quantiles or moments of the
return distribution defined over a fixed holding period. Assets with high mean return
and low volatility or a low probability of incurring a large loss over a pre-specified
investment horizon are viewed as more desirable by risk averse investors.

Rather than fixing the holding period and studying how far prices moved over a
certain time interval, asset price movements can be analyzed by fixing the size of the
movement required by the asset price and treat the resulting completion time as an
unknown, random variable. This yields a complementary perspective to the analysis
of fixed-horizon movements in asset prices. For example, how desirable an asset is
to a risk averse investor can equally well be characterized in terms of how long the
investor expects to have to wait before the asset pays off a pre-determined return
such as 5% and how uncertain this waiting time is. The higher the variance of this
completion time, or duration, the riskier the asset can be considered to be. Likewise,
if the mean duration is long, the expected return per unit of time will tend to be low.

Duration-based risk measures are useful in many finance applications. For
example, consider the asset allocation decision of a pension fund manager in charge
of an underfunded pension scheme with known future liabilities. Regulatory rules
often require that an existing funding gap (i.e. the difference between the projected
value of the liabilities and the market value of the assets) is eliminated within a
certain period of time such as a year. The pension fund manager is thus faced with
the risk of not covering the underfunding within the permitted period of time. To
ensure compliance with such regulations, the fund manager would need a forecast
of the expected time before the value of the assets under management move up by
the funding gap. The expected completion time should be well under the maximum
allowed time, or else the portfolio holdings need to be changed. Our paper presents
new methods that allow the fund manager to compute such probability estimates not
just initially, but in real time as a function of a set of underlying state variables that
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predict future price movements and are allowed to change during the duration spell.
As a second example, traders in financial markets often have contracts that pay a
pre-specified bonus provided that they reach a performance mark within a certain
period of time (e.g., a calendar year) and duration-based probability measures are
ideally suited to characterize the associated probability that such a threshold will
be reached.

In many cases clearly a duality exists between asset return characteristics mea-
sured over a fixed horizon and the distribution of durations or completion times
associated with a fixed return. Most notably, when asset prices are generated by
a geometric random walk process with constant drift and volatility—as assumed
in much of modern finance—there is a one-to-one relationship between standard
measures of risk and returns that condition on a fixed holding period and duration
measures based on completion times that condition on a fixed return.

Outside this framework, however, no general results exist on the relationship
between risk measures based on fixed-horizon returns and measures based on fixed-
return durations so one would expect that they can uncover very different features of
the underlying data generating process. This becomes particularly important in the
presence of nonlinearities in returns. Recent empirical work suggests that nonlinear-
ities in asset returns are important. For example, Christoffersen and Diebold (2003)
and Guidolin and Timmermann (2004) suggest complicated dynamic dependencies
in the probabilities of up and down moves, Value at Risk (VaR) or expected short-
fall. Detemple et al. (2003) also document strong evidence of nonlinear dynamics
in asset prices.

Theoretical models in the asset pricing literature also suggest complicated non-
linear dynamics in stock prices arising as a result of speculative bubbles (McQueen
and Thorley, 1994), over-reaction to news (De Bondt and Thaler, 1985), learning
dynamics (Timmermann 1996, 2001; Veronesi, 1999), habit persistence (Campbell
and Cochrane, 1999) or non-linear dynamics in the dividend process (Donaldson
and Kamstra, 1996). The prevalence of such theories means that it is informative to
use alternative measures of risk and different modes of analysis to identify possibly
complicated dynamics in asset prices.

As an example of a nonlinearity, suppose that log-stock prices fluctuate within
a narrow band for a long period of time reflecting, perhaps, support and resistance
levels as hypothesized by many technical trading models (c.f. Brock, Lakonishok,
and Lebaron, 1992; Sullivan, Timmermann, and White, 1999). This type of sample
path could result from a model with time-varying serial correlations that vary as
a function of the distance to the bands. The resulting low volatility would make
the asset seem attractive even though, over a longer horizon, the return can be
expected to be low since investors have to wait long before earning a positive
return sufficiently high to require prices to move beyond the band.! Such nonlinear
dependencies would be reflected in the distribution of durations of up and down
movements in stock prices provided that a range of thresholds {461, £02,... 6, }
for the change in the log-stock price is studied. In analogy with the fixed income

1 Suppose for example that this band is given by log(Pp) = 6/2, where Py is the initial stock price
and 6 is the width of the band. Then the expected rate of return within the band would be bounded by
6/T, where T is the investment period.
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literature, we refer to the joint distribution of expected completion times for differ-
ent values of ¢ as the completion time structure. Completion time measures can
also capture other features commonly associated with stock returns. For example,
outliers in the return distribution will lead to more short durations as will volatility
clustering. Similarly, the completion time of an up move will be shorter (longer) if
more large and positive (negative) than large and negative (positive) shocks occur,
so duration models can also identify skews in asset price dynamics.

The contributions of our paper are three-fold. First, we present new applications
to stock price movements of models for completion time dynamics using more than
a century of daily stock market prices. While duration features of stock price move-
ments have been explored in the context of market microstructure effects (c.f. the
literature survey by Engle and Russell, 2002), little work has been undertaken on
the duration of movements in stock prices of the size or frequency considered here.?
Secondly, we make a methodological contribution by showing how to account for
the effect of time-varying state variables that may change within a duration. This
is particularly important in finance applications where predictor variables such as
the interest rate are likely to be subject to important time-variations. Such inter-
duration variations are likely to affect the completion time. By only conditioning
on information available at the time of the beginning of a new duration spell, an
important part of the behavioral relation between stock prices and the relevant state
variables may be missed or even reversed. Our approach allows investors to update,
in real time, the expected value of the remaining time until the completion of a
duration spell as the values of the relevant state variables change. Third, we pres-
ent new empirical evidence of predictability in stock price movements using both
in-sample and out-of-sample experiments, with the latter designed to replicate the
real-time forecasts of an investor.

The plan of the paper is as follows. In the context of the geometric random walk
model Section 2 shows the duality between conventional measures of risk and
returns over a fixed time horizon and the completion time measures proposed here
and also presents some initial empirical results. Section 3 presents the econometric
methods used to characterize the distribution of completion times. Section 4 reports
estimation results for a range of empirical specifications, while Section 5 evaluates
the duration models in an out-of-sample forecasting experiment and Section 6 con-
cludes. Technical details are provided in two appendices at the end of the paper.

2 Completion times under the geometric random walk
Suppose we are interested in studying the time it takes for the logarithm of an

asset price, P, to complete a move of a certain size. To establish a benchmark for
the distribution of such durations, it is useful to first consider this question for the

2 One exception is the paper by Lunde and Timmermann (2004) which studies bull and bear states.
However, that paper adopts a very different methodology that does not fix the size of the required stock
price movement, but instead defines underlying (latent) states according to the size of log-price changes
since the previous local peak or trough. This is an important distinction since our framework here has the
random walk model as a natural benchmark whereas this is not the case in the setup with (endogenous)
bull and bear states adopted by Lunde and Timmermann.
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standard geometric random walk model. In this model the logarithm of stock prices,
pt =log(P;), evolves according to the following stochastic differential equation:

dpt = pdt + odWy, (H

where W is a standard one-dimensional Wiener process. To measure durations, we
have to define a random variable that tracks the completion times. To this end we
study how long it takes for the logarithm of the stock price index to move up by
a fixed amount, § > 0.® This can be achieved by defining a chain of first passage
times measuring the time it takes for log-stock prices to cross a single barrier 6
units away from the initial log-stock price py,

Tl;kpi (63 ptoyi) :lnf{tZtO,Z ‘Dt _ptoﬂ' Z 6} (2)

Here the notation ¢ ; reflects that py, ; is the log-price at the origin of the ith first
passage time.

The first passage time, ¢, for the event that some barrier § return units away
from the starting point, py, ;, is crossed has the following Inverse Gaussian density,
f(t), and survival function, S(¢): *

6 — (6 — put)?

)= — i e~ ®
S(0=a( )~ exp( L e L), @

where @ denotes the standard Gaussian cumulative density function. Thus, under
the geometric random walk model (1), for a given barrier, 9, the duration distribu-
tion has a convenient closed form that is completely characterized by the drift (1)
and volatility (o) of asset prices. For p > 0 it holds that:

§
BT =2,
(7] p
2
Var(T) = 5% (5)
I

As expected, these moments depend on the drift and volatility parameters 6 = (1
0')/ as well as the distance to the barrier, 6. These parameters can either be retrieved
from the duration distribution through maximum likelihood estimation based on
(3) and (4) or, as is traditionally done, from the moments of the returns data sam-
pled at a given calendar frequency.

The single barrier definition (2) only indirectly reflects down moves in stock
prices in as far as these show up as longer durations before stock prices move up

3 Lunde and Timmermann (2004) define bull and bear markets as states that partition the data accord-
ing to sequences of local peaks and troughs. This definition reflects the most common use of these terms
but does not lead to an analytically tractable benchmark duration model since the classification of the
current state depends on both past and future movements in stock prices.

+ See, e.g., Lancaster (1990, p. 119).
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by a fraction §. An alternative is to introduce duration measures that more directly
reflect down moves by tracking the time it takes for log-stock prices to either decline
or rise by 6:

7—:i((ownq; (6, pto,i) = inf{t >10,4 Dt — Dty ; < _6}7 (6)

Tl;kpi (6,pto;) =Inf{t >tg;:pt —pto,; >0} @)

Only the introduction of (6) is changed here since (7) is identical to (2). How-
ever, the definitions (6)—(7) give rise to a two-barrier problem since we measure
the time it takes before one of two barriers is crossed by the stock price index. We
capture this information through a sequence of marked durations

Ti* = {min(TcTownp lekpi)v d;'k}’ (®)

where d; is an indicator variable that equals one if the upper barrier is crossed first,
and otherwise is zero.

Many of the methods used in this paper are relatively new to the finance liter-
ature—with the exception of studies of market microstructure effects — so we first
look at some data before considering the more detailed econometric analysis in
subsequent sections.

2.1 Data

To investigate the properties of up and down movements in stock prices along the
definition proposed above, we construct a data set of daily US stock prices from
2/17/1885t0 12/31/1997. From 2/17/1885 to 7/2/1962 the nominal stock price index
is based on the daily returns provided by Schwert 1990 . These returns include divi-
dends. From 7/3/1962 to 12/31/1997 the stock price index is constructed from daily
returns on the Standard & Poors 500 price index, again including dividends and
obtained from the CRSP tapes. Combining these series generates a time series of
31,412 daily nominal stock prices.

Inflation has varied considerably over the sample period and the drift in nominal
prices does not have the same interpretation during low and high inflation periods.
To deal with this issue, we construct a daily inflation index as follows. We use
monthly data on the consumer price index taken from Shiller (2000) and convert
it into daily inflation rates by solving for the daily inflation rate such that the daily
price index grows smoothly - and at the same rate - between subsequent values
of the monthly consumer price index.® Finally we divide the nominal stock price
index by the consumer price index to get a daily index for real stock prices.

5 Since the volatility of daily inflation rates is likely to be only a fraction of that of daily stock returns,
normalizing by the inflation rate has the effect of a time-varying drift adjustment. Lack of access to
daily inflation data is unlikely to affect our results in any important way.
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2.2 Durations

An informal comparison of the observed durations with those implied by equations
(3) and (4) provides a first way of detecting deviations from the Geometric random
walk model (1) that assumes independently distributed, Gaussian price increments.

Figure 1 accomplishes this by plotting the distribution of the residuals from
the inverse Gaussian model fitted to US stock price durations based on a barrier or
“filter’, 6 = 0.10. Another natural benchmark is a GARCH specification, so we also
show the distribution of duration residuals for a price index constructed so that the
price increments are normalized by the conditional volatility. This latter price index
thus adjusts for persistence in the conditional volatility.® In order to make the plots
more comprehensible we plot residuals with a uniform distribution that are defined
as follows. If T" has survivor function S(t), then S(T) is uniformly distributed.
Both for short and long durations the residuals of both series are systematically
underrepresented. Irrespectively of whether stock prices are adjusted for time-var-
iation in volatility, Figure 1 shows that the Inverse Gaussian model does not fit the
data particularly well.

To demonstrate how time-series dependence in stock prices shows up in the
durations, Figure 2 plots the sequence of marked durations. The length of each bar
measures the time it took (in trading days) before stock prices either moved up by
10% or down by 10%, whichever happened first. Durations with 7 < T;;p are
plotted below zero while those with 75, <7, . are shown above zero. If duration
spells were independently distributed over time, there should be no information in
the sign or length of a given duration for the evolution in future duration spells.
Clearly, however, this is not the pattern observed in Figure 2.” Short (long) dura-
tions tend to follow short (long) durations. This is related to the well-documented
phenomenon of volatility clustering which gives rise to sequences of very short
durations when volatility is high and the price index moves fast. Furthermore, there
appears to be dependence in the direction of the market or, equivalently, in the sign
of the change in the stock price: Both up and down moves have a tendency to cluster
in time suggesting that if the previous move was up (down), then there is a higher
probability that the following move will also be up (down). This indicates that there
is predictability not simply in the volatility but also in the direction of the market,
consistent with recent findings by Christoffersen and Diebold (2003)

Using equations (6—8) we computed durations, measured in calender days, for ¢
ranging from 1% to 15%. Varying the size of the barrier, 6, is equivalent to varying

6 The volatility adjustment was accomplished by means of the following components GARCH model
proposed by Engle & Lee (1999) and extended to include an ARCH-in-mean effect: rt = pu+ Bre—1 +
Yot e, of =aqrtale]_ —a—1)+B(07_ —q-1), g =w+p(ar-1—w) + ¢(ef_; —o7_;),
with ¢ ~ N (0, af). Using this specification we compute ARCH-adjusted, normalized returns r; =
&;/6; where &, =r; — i — ,éri_l — A6 is the residual from the ARCH model and &; its estimated
volatility. We then construct a new price index that is adjusted for first-order autocorrelation (reflecting
the effects of asynchronous trading) and ARCH effects in the volatility and drift. Such adjustments
ensure that the new price index has the same average drift and volatility as the original one.

7 This is also supported by the Ljung-Box statistic for serial correlation. Using 15 lags this test sta-
tistic equals 110.6 for the T series and 477.2 for the In(T") series. Under the null of no serial correlation
in the durations the 5% critical value is 25.
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Figure 1. Residuals from the inverse Gaussian distribution fitted to the distribution of first passage times
(6=0.10)

the return horizon, as is frequently done in the literature on variance ratios. This
allows us to map out different degrees of dynamic dependencies for different filter
sizes. Summary statistics for the up and down durations are presented in Table 1.
Two caveats should be mentioned before interpreting the results. First, we only
measure stock prices at the end of each day so our observations are reported in
integer days. For small filter sizes such as § = 1%, it is likely that the data is mea-
sured with some error since the price index may well have moved by more than ¢



Completion time structures of stock price movements 301

Table 1. Summary statistics for the duration of up and down movements

Series Filter no.obs Mean Median  Standard dev. Min. Max.
Up excursions (days) 1 4713 4.07 3 3.58 1 35
2 2145 9.59 7 9.28 1 86
3 1261 16.83 12 16.10 1 126
4 831 2591 18 25.55 1 221
5 596 36.77 27 37.31 1 373
6 458 47.52 34 44.96 1 280
7 361 62.33 48 56.23 1 377
8 287 80.72 58 78.53 3 510
9 240 98.46 70 89.69 2 519
10 220 109.27 74 108.71 2 704
11 183 127.87 88 110.97 3 645
12 167 14741 108 145.54 3 1059
13 145 165.12 112 159.80 2 862
14 130 179.59 134 152.06 3 702
15 119 211.04 151 177.58 4 999
Down excursions (days) 1 3853 3.17 2 2.96 1 28
2 1681 6.45 4 7.21 1 88
3 961 10.57 6 12.53 1 119
4 607 16.23 9 18.68 1 117
5 411 23.10 12 27.70 1 169
6 301 3192 18 38.71 1 296
7 227 39.08 22 46.52 1 329
8 175 4644 21 57.81 1 317
9 137 55.88 27 66.04 1 339
10 128 56.67 28 69.24 1 323
11 96 8234 35 137.27 2 850
12 86 71.74 40 114.86 1 866
13 71 103.63 67 150.59 2 904
14 62 127.81 77 167.07 1 884
15 54 11548 76 161.84 5 861

This table reports summary statistics for up and down moves. The durations are computed using the
definition of barriers given by equations (6—8) and are measured in trading days.

percent during the day and could even have generated two or more durations within
the same day. Such measurement errors are difficult to deal with given our data
limitations, but they are unlikely to be important for the larger filters.® It should

8 To investigate the effect on maximum likelihood estimates of the parameters i, o implied by the
observed durations, we conducted a Monte Carlo study for the model (1). We found that the effect on
the parameter estimates was relatively small and limited to the smallest filters.
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Figure 2. Sequence of first passage times before =10 percent batrier is crossed

also not be forgotten that the standard analysis based on returns measured, say, on

a monthly basis is faced with the same problem. Calendar months do not have the
same number of trading days: February typically has fewer trading days than most
other months and the markets are closed some days during December. Second, the

sequence of durations depends on the starting point of our analysis, which is Feb-
ruary 17, 1885. We experimented with different starting days and found that the
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results are very robust with respect to the starting point, so this does not appear to
be a problem.®

Returning to the results, as the required size of a price move increases, the num-
ber of completed durations declines. Thus, for a filter size, 6, of 1%, there are 4,713
up-moves and 3,853 down-moves. These numbers decline to 119 up-moves and 54
down-moves for the largest filter of 15%. Hence the length of the historical sample
clearly constrains the statistical analysis for large filter sizes since the power of any
statistical tests declines as fewer duration spells are completed. Another feature of
the data is that the proportion of up-moves is higher, the larger the filter size. ° This
is to be expected since the positive drift in the stock price index is more important
relative to the volatility in price movements for the durations based on the larger
filter sizes. Equally unsurprising is the finding that the standard deviation of the
durations increases as the filter size goes up as we would expect from equation (5).

3 Econometric framework

The empirical results reported so far demonstrate the limitations to the standard
geometric random walk model for stock prices in its most basic form or extended
to allow for ARCH effects. In this section we therefore propose a framework for
analyzing and modeling the distribution of durations of stock price movements that
is sufficiently general to account for dynamic dependencies in completion times
and the effects of time-varying predictor variables (covariates).

To analyze the dynamics in completion times for stock prices, we extend the
models proposed by Lancaster (1990) and Engle (2000). Related but alternative
models have also recently been suggested by Russell (2001), Rydberg and Shephard
(1999), Kamionka (2000), and Bowsher (2002). These models build on the multi-
variate point process framework treated in e.g. Cox and Lewis (1972). In this setting
up and down movements are treated as the marginal event processes. Kamionka
(2000) and Bowsher (2002) suggest looking at the so-called pooled process of all
durations. However, this framework is not appropriate for our purpose, where a
down excursion often is censored by an up move. Hence our approach is more
closely related to competing risk models. Both notations and econometric methods
are specific to the duration literature, so we briefly introduce the underlying stochas-
tic process, transition probability models and likelihood-based estimation methods.
The timing of events such as the completion of a first passage time gives rise to
a simple point process, T'= {tg,t1,... ,tn,... }. The sequence of points in time,
to<ty <...<tp<... are the arrival times from which durations, x; =t; —t; 1
can be defined. Since up and down moves in asset prices typically occur at irregu-
larly spaced points in time, the point process is an ideal modelling device for our
purpose. Associated with every point, ¢;, are M marks z; ={z;1,..., 27} which

9 Again this has an analogy when modeling returns over a fixed horizon such as one month. One could
start the monthly horizon on any one day during a month and could also treat week-end and holiday
effects in different ways.

10" For the filter size of 1%, the proportion of down moves (as a percentage of the total number of up
and down moves) is 45%, while it is 31% for the 15% filter.
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often will be the variables of primary interest as they identify and measure the
event that occurred.!* The mark process can be decomposed into a univariate dis-
crete process identifying the event that occurred (state indicators, d;) and a vector
process containing the marks that measure the variable defined at the associated
event (state marks, y;):'?

Zi

x; =t; —t;_1: points or durations

joint &

d; = {1,..., K}: state indicators
process

yi = {wi1;-- -, vin(a,;) }: State marks

Decomposition of a Multi-State Marked Point Process

Using this decomposition, movements in asset prices can be characterized
through the stochastic process {(Y;, D;, X;); i=1,... , N}, where N is the total
number of completed duration spells. We call this a Multi-State Marked Point pro-
cess, or in short an MSMP process. The joint distribution of the ith observation
conditional on the past filtration of (Y;, D;, X;), F;_1, is given by

P{Y;<yi,Di=d;, X; <x; | Fi_1;wi}, 9

where w; are the parameters determining the distribution of the sth duration. Mod-
elling this distribution directly can be very complicated and fortunately a simpler
approach is available. Without loss of generality, the joint density can be factored
into the product of the marginal density of the durations (parameterized by wy;) and
the state indicators times the conditional distribution of the state marks (parame-
terized by w9;), all conditional on the past filtration:

P{Y; <y, D; = d;, X; <wj | Fi_1;w;}
=P{Y;<y;|Di=d;, X;=x;, Fi_1;w15}
XP{D;=d;, X; <xj| Fi—1;wa;} (10)

It is obviously of separate interest to investigate how certain marks are related to
D and X. On a macro scale interesting marks to consider would be GDP, inflation
rates, interest rates etc. On a micro scale several interesting market microstructure
questions can be addressed such as how volume, depth, spreads and liquidity relate
to the distribution of D and X. We defer such issues to future research.

1 An example of this is Engle (2000) who analyzes data comprising two types of random variables
such as the time of a financial transaction and the collection of variables observed as the trade takes
place.

2 In our analysis the logarithm of the price (index) is a state mark, In(P;, ) = p¢, , and by construction

Pt; —Dt;_1| >
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3.1 State transitions

We are concerned with modelling the duration distribution of up and down moves
in stock prices. Our focus is therefore on modelling the marginal distribution of D;
and X; conditional on the past of the joint process:

P{D;=d;, X; <wm;| Fi_1;w2;} - (1)

An estimate of the density associated with this distribution can be obtained through
maximum likelihood estimation based on {(D;, X; | F, ;1)}?;1. We begin by con-
sidering the distribution of the completion time for the point process, T', i.e. F;(t) =
P{X; <t—t;_1|F;—1;ws; with no concern for the alternating states. Following
standard definitions the survivor function, .S;, and the hazard function, )\;, are given
by: 13

Si(t)=1-P{X;<t—ti_1|Fi1;wa}, for t;1<t<t;,

and
)\z(t) — lim P{t_tlfl SXl<t_tlfl +h‘XZZt_tzfl7fzfl,wzz}
h—0 h
fi(t) d
= =——1 i(t fi t_1<t<t;. 12
S0 " " oeSi), for fiy i<t (12)

The hazard rate, \;(t), is the probability that the stock price passes through a barrier
in any instant of time. For any ¢ > ¢;_1, the probability of this event is conditioned
on both the fact that there has not been an event since ¢;_1 and on all past events.

Ignoring for the moment the conditioning on the past information, F; 1, and
the parameters, wo;, and assuming that there are K possible states, we can use the
fundamental law of probability to write

K
P{XiSt_ti—l}:ZP{XiSt_ti—l |D;=k}P{D;=k}.
k=1
Letting m;;, =P {D; =k} and Fy;,(t) =P {X; <t—t;_1 | D; =k}, this simplifies
to an expression that is easier to interpret:

K
Fi(t)=>_ mixFy(t).
k=1

Here the ;;,’s are the transition probabilities, i.e. the probabilities that the ith
event will be a move to state k. These sum to one across the K states. F;(¢) is
therefore a finite mixture distribution, 7,1,... ,7; ) are the mixing weights and
Fi1(¢),... , Fii(t) are the component distributions of the mixture. The specifica-
tion is quite flexible as the transition probabilities are allowed to change from event

13 As is common, we assume that 7 is absolutely continuous with respect to Lebesgue measure ¢ and
that the density of X;, f =dP/ds, is the Radon-Nikodyn derivative of 7P with respect to <.
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to event as might be the case due to institutional shifts or changing market behavior.
Using this notation, the survivor function can be written as follows:

K
Si(t)=>_ mixSin(t). (13)
k=1

Note that 7;1,.5;%(t) is the joint probability that no event occurs between ¢;_1 and
t and that the eventual departure is to state k. Using (12) and (13), the transition
intensities for the K states are given by

X mnfa®)

k=1

_ i lim Pl{t—t, 1 <X;<t—t;1+h Di=k|X;>t—1t;_1}
h—0 h

K
= dalt), (14)

for t;_1 <t <t;. Hence \;;(t)dt is the probability of departure to state & in the
short interval (¢, ¢+ dt) given that there has been no event from ¢; 1 to t.*

These events and their probabilities can be related to the observed data which
is characterized by the probability P { departure to & in (¢,t+ dt)} . This can be
factored out as follows

S (t)A\ix (t)dt = P {departure to k in (¢,t+dt) | no events in (t;_1,1) }
xP{no events in (t;_1,t) } =m fix (t)dt, (15)

where f;;.(t)dt is the probability of departure at time ¢ given that the departure will
be to state k. This equation shows the close connection between the mixing weights
and transition probabilities. Integrating (15) over ¢ yields the following expression
for the transition probabilities

- / ~ Si(s)hig(s)ds. (16)
0

Once the transition intensities, A;z, have been estimated, the transition probabilities
follow from (16).

14 As pointed out by Lancaster (1990), \;x (¢) is not equal to f;1 (t)/S;k (t) as it would be if A;x ()
were a hazard function conditional on departure to state k. The conditioning event for \;j is that no

event occurs from ¢;_1 to ¢, not that no event occurs between ¢;_1 and ¢ and that departure is to state
k.
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Using these definitions, Appendix A sets up the likelihood function as a func-
tion of the transition intensities, while Appendix B provides extensions to include
time-varying covariates.

4 Empirical results

In this section we report empirical results for particular specifications of the tran-
sition intensity, moving from an autoregressive conditional duration specification
to more flexible models that incorporate the effect of time-varying state variables
(covariates).

4.1 Autoregressive conditional duration models

The autoregressive conditional duration (ACD) model suggested by Engle and
Russell (1998) and the log-ACD model suggested by Bauwens and Giot (2000)
provides a flexible dynamic specification. In our setup it takes the following form:

Aik=exp [Ag1 + A2 In(N_1 ) + Apzzio1 (Ni—11 +Aim12)] . (17)

for k=1, 2. We refer to this model as MSMP-dy. It allows the past transition inten-
sity, A;_1 . to influence the subsequent intensity in an autoregressive manner. In
addition, we include an innovation term from the part of the past realized duration
that was unpredictable ex-ante, x;_1(Ai—1,1 +Ai—1,2).

Estimation results are reported in Table 2. A1o and o9 identify the persistence
in the transition intensities linked to the autoregressive term. Estimates of these
parameters—shown in Panel A—are uniformly very high across all filter sizes and
for both up- and down-moves. Furthermore, they only decline slowly from 0.98
to around 0.95 as the filter size increases from 1% to 15%. Clearly the expected
duration is highly correlated over time. The higher the previous transition intensity,
the more likely it is that the current intensity will also be high. Moreover, the sig-
nificant—if somewhat smaller—coefficient estimates, )\13 and )\23, suggest that the
previous innovation to the transition intensity also affects the subsequent transition
intensity. These estimates are significant across all filter sizes.

The effect of past duration innovations on current transition intensities is nega-
tive across filter sizes both in up- and down-states. Transition intensities are there-
fore lower in both up- and down-states if the past duration was unexpectedly long.
Interestingly, the largest effect of an innovation to the previous duration is found for
the mid-sized filters (4—7%) in up-states but for the largest filters (14%, 15%) in the
down-states. Furthermore, an interesting asymmetry can be detected by comparing
the estimates of A\13 and Ao3. If the last duration was surprisingly long, then the
subsequent transition intensity goes down by more in up-markets than in down-
markets for filters up to 7%, while the converse result holds for larger filter sizes.
This suggests that it takes disproportionately longer for the market to move down
by a large amount (corresponding to a large filter size, 0) following a long duration
than it takes for the market to move up by the same amount. This effect is similar,
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Table 2. Estimates of the MSMP-dy model

Panel A: Parameter estimates

Filter  A11(%o) A2(SE)  Ais(to) A21(to) A22(SE) A23(to)
1 076 (11.5) .984 (.002) —.085(—11.6) .064(8.72) .989(.002) —.072(—8.74)
2 124 (9.61) 976 (.005) —.137(—9.40) .118(7.97) .979(.005) —.131(—7.87)
3 .142(7.57) 970 (.009) —.156(—7.21) .157(7.86) .974(.007) —.174(—7.83)
4 212(8.78)  .940 (.013) —.239(—8.78) .199(6.54) .962(.008) —.223 (—6.70)
5 221 (7.65) 918 (.021) —.254(—7.62) .173(6.10) .958(.009) —.202 (—6.58)
6 185(5.22) 928 (.032) —.213(—4.92) .131(4.80) .967(.009) —.155(—5.38)
7 172(296) 927 (.061) —.201(—2.49) .139(4.81) .966(.013) —.165(—5.60)
8 .082(3.53) .985(.014) —.088(—3.45) .123(4.56) .983(.014) —.138(—4.37)
9 .079 (2.81)  .981 (.025) —.086(—2.84) .141(4.14) 978 (.025) —.161(—3.83)
10 142 (279)  975(.032) —.150 (—2.62) .190 (4.44) 976 (026) —.210(—3.94)
11 105 (3.11)  .975(.026) —.113(=3.10) .164 (4.06) .969 (.027) —.195(—3.96)
12 090 (3.08) 976 (016) —.097 (—3.43) .155(3.78) .965(.023) —.189 (—3.81)
13 096 (3.08) 977 (016) —.101 (—=3.64) .171(4.71) 973 (.021) —.198 (—4.91)
14 093 (2.56) 970 (016) —.102(—=2.91) 217 (4.27) 951 (.025) —.271 (—4.50)
15 081 (1.68) .964 (.026) —.091 (—2.14) .173(2.94) .938(.035) —.244(—4.34)
Panel B: Diagnostics
Filter LB(z,15) LB(&,15) S¢— 1 E-R EDT Max like LR-bench
1 3965.40 11.55 0.212 —12.40 —13929.00 1094.90
2 2402.30 18.86 0.123 —5.05 —6014.30 909.28
3 1687.90 13.55 0.116 —3.63 —3420.30 665.55
4 865.86 13.19 0.116 —2.94 —2187.10 479.48
5 488.43 8.30 0.041 —0.894 —1530.40 327.38
6 335.61 14.03 0.014 0.277 —1165.50 212.25
7 268.24 17.11 0.032 —0.540 —907.78 153.04
8 104.51 15.18 0.052 0.811 —721.96 94.69
9 125.75 7.72 0.014 .196 —581.12 92.07
10 116.52 14.38 0.022 0.290 —522.72 109.80
11 89.02 14.85 0.037 0.440 —422.04 71.34
12 49.08 16.97 0.097 1.14 —389.97 51.32
13 66.06 9.47 0.091 0.984 —322.24 62.60
14 79.89 15.97 0.089 —0.833 —293.54 38.97
15 54.61 11.53 0.005 0.048 —266.67 26.80

This table presents the results of estimating the dynamic MSMP model given in equation (17). Panel A
shows the parameter estimates. The first column gives the filter size; columns 2—4 show the parameter
estimates for the up intensities and columns 57 show the parameter estimates for the down intensities.
T-statistics or standard errors based on a Quasi-Likelihood are shown in parentheses.

Panel B reports diagnostics for the fitted models. LB(x,15) and LB(&,15) denote the Ljung Box statistic
with 15 lags, computed on raw durations and the residuals defined in (18) (x3 o5 (15) =25). Column 4
shows the amount of over-dispersion in the residuals. In column 5, E-R EDT is a test for over-dispersion
with respect to the exponential distribution suggested by Engle & Russell (1998), which asymptoti-
cally follows a standard Gaussian distribution. The last column shows a likelihood ratio test of the null



Completion time structures of stock price movements 309

but not identical, to mean reversion in asset prices in the following sense: a long
previous duration (for a fixed filter size) translates into a smaller rate of return and
this seems to be followed by a relative slow-down if the stock price moved down
compared to if it moved up. 1°

Panel B reports diagnostic tests for this model. The estimated model is a mix-
ture of exponential distributions, so the residuals can be obtained from the realized
durations scaled by the transition intensities:

&=xi( N1+ Ajo) for i=1,... N. (18)

If the model fits the data, the residuals {&;:i=1,... , N} should be identically and
independently exponentially distributed with a mean and a standard deviation of
one. None of the filters produce any evidence of serial correlation in the residuals
from this model. The only evidence against this model is the over-dispersion in the
residuals based on filters, §, under 5%.

4.2 Interest rate effects

4.2.1 Data

A popular state variable frequently used in the analysis of stock market returns is
the interest rate which is known to closely track cyclical movements in the economy
and forecast returns. To make our results comparable to the existing literature, we
therefore consider the effect of time-varying interest rates on transition intensities.
Since there is no continuous data series on daily interest rates from 1885 to 1997,
we construct our data from four separate sources. From 1885 to 1889 the source
is again Shiller (2000). From 1890 to 1925, we use the interest rate on 90-day
stock exchange time loans as reported in Banking and Monetary Statistics, Board
of Governors of the Federal Reserve System (1943). These rates are provided on
a monthly basis and we convert them into a daily series by simply applying the
interest rate reported for a given month to each day of that month. From 1926 to
1954 we use the one-month T-bill rates from the risk-free rates file on the CRSP
tapes, again reported on a monthly basis and converted into a daily series. Finally,
from July 1954 to 1997 we use the daily Federal Funds rate. These three sets of
interest rates are concatenated to form a single time series covering the full sample.

4.2.2 Interest rate effects in the MSMP-dy model.

Before turning to the model with time-varying covariates, first consider a dynamic
model with constant covariates. This model extends the MSMP-dy specification
(17) by including as covariates the state of the previous duration (d;_1) which

15 As the filter size, 8, increases, the standard errors of the parameter estimates increase and the
absolute values of the associated t-statistics (for similar values of the estimated regression coefficients)
decrease systematically. This is a result of the fewer completed duration spells for the larger values of 6,
(c.f. Table 1). The estimates in Tables 2—4 suggest that, on grounds of the power of the statistical tests,
it is not advisable to consider filter sizes greater than 10—-15%, depending on how many parameters the
model requires estimating.
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equals 1 if the ¢ — 1’th duration was an up-move and is 2 otherwise, the interest rate
level at the beginning of the duration (int(¢;_1)), and the change in the interest rate
over the past duration (Aint(t;_1)). Hence, the model is specified as follow

Aik(t) = exp [Ag1 + g2 In(N—1 &) + Akgzic1 (Ni—1,1 + Xi—1,2)
+Bp1(di—1 — 1) + Braint (t;_1) + Bpz Aint(t;—1)], 19)

for k=1, 2. We refer to this model as MSMP-dyc.

Estimation results for this model are reported in panel A of Table 3. Since this
and the following model have more parameters to estimate, we only report results
for filter sizes, 6, up to 10%. This ensures that we have sufficiently many durations
available for estimation. Ignoring the other covariate effects, variations in the con-
ditional transition intensities, A\ix; = Aj|q,—k,d;_,=;> due to the dummy indicators
can be mapped out as follows:

211 =exp [A11] : Intensity of ups coming from up state.
112 =exp [A11+ S11] : Intensity of ups coming from down state. 20)
121 =exp [A21] : Intensity of downs coming from up state.

[

Aiog =exp [Ao1 + f21] : Intensity of downs coming from down state.

The positive and significant estimates of 311 and J21 in Table 3 show that the
transition intensities of both up- and down-moves are higher coming from a down
state. This is likely to reflect the well-known leverage effect: negative shocks have
a disproportionately large effect on future volatility compared with positive shocks
of the same size. Negative shocks thus have the effect of increasing the ‘speed’ of
the stock price index, leading to higher intensities. Furthermore, the estimates of
(21 are generally higher than those of 311 suggesting that the effect is highest for
future down-markets.

The autoregressive parameter estimates Ao and Aoo continue to be very high
(0.97) for the smallest filters but are now much smaller for the largest filter sizes.
Past duration shocks continue to have a negative effect on the transition intensities
as both 5\13 and 5\23 are negative, suggesting that an unexpectedly long previous
duration gives rise to a lower transition intensity and hence a longer expected future
duration.

For both up and down moves the estimated effects of the level of the interest
rate on the transition intensities (Blg and 322) are generally negative and signifi-
cant for about half of the filters. Higher interest rates are thus associated with lower
transition intensities for both up- and down-moves and will increase the expected
completion time. Turning to the effects of changes in interest rates we find some
quite intuitive results. Rising interest rates are associated with slower up moves (as
313 is always negative) and faster down moves (as 323 is positive). The effect of
interest rate changes on transition intensities is also much higher than the effect of
the interest rate level as can be seen in the size of the coefficient estimates. *°

16 The estimated effects are not directly comparable as they appear in the table, but we also estimated
the model for all filter sizes with the interest rate variables standardized to have unit variance. This
resulted in even bigger differences.
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Interest rates therefore influence both how long it takes before the market moves
by a certain percentage and also whether the market moves up or down. Further-
more, the coefficient on the interest rate covariate goes up as the filter size increases,
suggesting different long- and short-run effects of interest rate movements on stock
prices.

Finally the diagnostic tests reported in Panel B of Table 3 suggest that there is
no serial correlation in the residuals although some evidence of excess dispersion
remains for filter sizes up to 4%.

4.2.3 Time-varying interest rate effects in the MSMP-dy model

The model with covariates (19) only accounts for interest rate effects in as far as
these have evolved prior to the beginning of a new duration. In contrast, the fol-
lowing time-varying covariate model allows interest rate effects that can change
during duration spells:

Aik(t) = exp[Ap1 + Apa In( Ny g (w5-1)) + Agzzi—1(Ni—1,1(z5-1)
+Aic1,2(xi-1)) + Br1(di—1 — 1) + Braint (t) + Brz Aint(t)], (21)

for k=1,2. Here Aint(t) is the most recent change in the interest rate occurring
just before time ¢. Estimation of this model proceeds by means of the techniques
developed in Appendix B.

This dynamic model with time-varying covariate effects is referred to as MSMP-
dytvc. This is quite a complicated model that allows the transition intensities to
depend on their lagged values, past innovations to the transition intensities as well
as movements in the interest rate. Results from estimation of this model are pro-
vided in Table 4. The estimates of the persistence and innovation effects do not
change much as compared to the earlier model (19) that did not allow interest rates
to change during the duration. The coefficients measuring interest rate level effects
are also largely unchanged. In contrast the effect of changes in interest rates dur-
ing a duration spell is less pronounced than before. A possible interpretation of
this finding is that changes in interest rates do not have an immediate impact on
stock prices and take more time to show up systematically in future stock price
movements.

4.3 Comparison with fixed-horizon results

It is fair to ask what can be learned from these results that could not easily have
been gleaned from the standard fixed-horizon analysis of predictability in stock re-
turns. Indeed, when stock prices follow a simple linear process driven by Gaussian
innovations, the same information can be obtained from either approach. Which
method dominates in a particular application will then only depend on which esti-
mation approach is most efficient. However, outside this very special case (which is
strongly rejected empirically), the two methods can yield very different insights as
they are affected differently by nonlinearities and dynamic dependencies in stock
prices. For example, ARCH effects in stock prices are generally viewed as mainly
affecting the second moment of returns with a smaller effect on expected returns.
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In contrast, as we saw in our analysis, the mean duration time will also be strongly
affected by ARCH effects.

The tendency of future down moves to follow current or past down moves is also
an interesting new finding since the equivalent measure based on a fixed-horizon
analysis—namely serial correlation in returns—tends to be very weak for a broadly
defined stock price index such as that considered here. Again this demonstrates that
the power of a duration-based approach to identify regularities in stock returns can
differ significantly from that of the traditional fixed-horizon approach.

5 Out-of-sample forecast evaluation

So far we have measured model fit by means of values of the likelihood function and
by inspecting diagnostics for serial correlation and over-dispersion in the residuals.
For an investor, however, the value of the various completion time models depends
on how well they predict movements in stock prices out-of-sample since this will
ultimately measure any potential improvements over a passive investment strategy
such as buy-and-hold. To provide information on this issue we compute one-step-
ahead forecasts of the time-varying transition probabilities and compare these to
the subsequent direction of movements in stock prices. These forecasts simulate
an investor’s forecasts in real time since estimates of the model used to forecast at
some point in time, ¢, only use information up to that point in time.

To get a sense of the movements in the transition probabilities, Figure 3 plots
these over the full sample period for the MSMP-dyc model. Transition probabilities
follow step-like functions and can vary significantly over short periods of time such
as during the period with highly volatile interest rates in the late 1970s and early
1980s.

We next undertook a formal statistical test of the ability of the various model
specifications to predict the direction of future moves in the stock market. Results
from an out-of-sample forecast experiment are provided in Table 5. For filter sizes
between 1% and 8% we use half the sample of durations for estimating the first fore-
cast, and progress to the end of the sample from there, re-estimating the parameters
after each completed duration. For filter sizes of 9% and 10% we use three quarters
of the durations for the initial estimation. We did not perform the experiment for
the larger filter sizes between 11% and 15%, as these generate too few durations to
enable a meaningful analysis.

To evaluate out-of-sample performance, we report 2 X 2 contingency tables
cross-listing the sign of the predicted and realized move in stock prices. We also
provide values of the Pearson 2 statistic for independence between the predicted
and realized sign of the subsequent move and the PT test of sign predictability
proposed by Pesaran and Timmermann (1992).

As a benchmark we report the results from a randomized strategy that predicts
an up-move with probability ;1 and a down move with probability 1 — m;1, with
m;1 chosen to match the duration data.!” The performance of such a strategy is
averaged across 5,000 simulations.

17 The randomization is necessary since the statistical tests for directional forecasting require that the
model does not always forecast the same direction.
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Figure 3. Transition probabilities (black line) from the MSMP-dyc model, for an 8% filter, plotted against
log-prices (thin line). The nearly horizontal grey line tracks the unconditional transition probabilities.
The shaded areas are periods of up durations

Asexpected, the benchmark model does not show any ability to predict the direc-
tion of the market and generates ‘hit rates’, defined as the sum of the probabilities
on the main diagonal, i.e. the proportion of correctly predicted directional moves,
between 50% and 53%. This fraction increases to between 52% and 62% under the
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MSMP-dy model and to between 55% and 67% under the MSMP-dyc model.
Notice that the percentage of correct predictions generally increases for all three
models as the filter size gets larger and the average duration increases—albeit not
uniformly due to random sampling variation. This is consistent with the evidence of
stronger predictability in long-run durations and is particularly noticeable under the
MSMP-dyc model where two-thirds of the signs of the duration spells are correctly
predicted for the largest filter sizes. Turning to the formal test statistics, the MSMP-
dy model shows some ability to forecast up and down moves, but only for filter sizes
smaller than or equal to 3%. In contrast, the MSMP-dyc model generates highly
significant out-of-sample performance statistics for all filter sizes. The decline in
the test statistic for the largest filter sizes is due to the decrease in the effective
sample size as the filter size increases and fewer duration spells are terminated dur-
ing our historical sample. This suggests that although large up- and down-moves
in stock prices appear to be easier to predict than smaller moves, it also becomes
more difficult to document predictability with much statistical precision, the larger
the size of the move.

These results show that out-of-sample predictions of the direction of fixed-size
moves in stock prices can be improved by accounting for information on the direc-
tion of previous moves and by including covariates and dynamics in the specification
of the transition intensities.

Our results are related in interesting ways to those reported by Christoffersen
and Diebold (2003) for fixed-horizon asset returns. Consistent with our results,
Christoffersen and Diebold find that the sign of price changes is predictable. They
also find that sign predictability is horizon-specific—which is consistent with our
finding of considerable variation in ‘hit rates’ across filter sizes—and tends to be
strongest at intermediate horizons.

6 Conclusion

This paper proposed a new approach to modelling dynamic dependencies in stock
prices by studying the completion times of up and down moves that exceed a given
threshold. Our econometric approach is very general and accounts for autoregres-
sive dynamics in transition intensities, time-varying covariates and multiple states.

Our results suggest that there is strong evidence of deviations from standard
models of stock price movements, some of which are related to well-known pat-
terns while others appear to be novel. Unsurprisingly, the expected duration of a
move of a given size is strongly autocorrelated. If the past duration was short, the
subsequent duration is also expected to be short and vice versa. This is related to
the well-known volatility clustering effects. While this type of persistence is strong
for both up and down moves, there are also important asymmetries that cannot
be explained by standard ARCH effects. Arriving from a down state the transition
probability to another down-state is higher, while the transition probability of an
up-state declines, thus increasing the likelihood of a future down move. The level
of interest rates both at the outset of an event and during the event also affects
the durations of up- and down-moves asymmetrically. Higher interest rates lead to
slower up-moves but tend to increase the speed of down moves.
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There are many interesting portfolio implications of our findings. Predictability
of fixed-horizon returns has been demonstrated to translate into significant changes
in investors’ optimal asset allocation, c.f. Campbell, Chan, and Viceira (2002) and
Kandel and Stambaugh (1996). Similarly, the dynamic dependencies in the dura-
tions of up and down moves in stock prices uncovered here could be exploited in an
investment rule that lowers the weight in stocks if the previous duration spell was
long and represented a down-move so that the probability of a subsequent short-
lived up-move is lower. A more formal approach could be based on using Monte
Carlo simulation methods to sample repeatedly from a particular duration model
and then use dynamic programming methods under a specified objective function
such as power utility to optimize the allocation to stocks as a function of the current
state variables. This is in line with methods proposed by Detemple et al. (2003) and
can readily be used even for nonlinear dynamic models for stock prices such as the
ones entertained here.

For risk measurement or risk management purposes, there is important infor-
mation in the duration distribution or survivor function for up and down moves.
In fact, the methods developed in Appendix B would allow an investor to com-
pute these functions in real time conditional upon the current state variables. This
provides an alternative measure of the risk associated with holding stocks that nat-
urally complements measures based on a fixed investment horizon such as Value
at Risk over a one day or a one week period. When stock prices do not follow a
simple stochastic process such as geometric Brownian motion, none of the standard
measures of risk will be a sufficient statistic so combinations of different measures
of risk will generally provide a more complete picture of the risks associated with
holding stocks.

Appendix A: Likelihood function

Equations (13)—(16) in the main text specify the key equations for the probabilities
in the marginal model. Here we derive the density of the marginal process for the
state indicators and durations, (11), conditional on past information, F;_1.

If we only observe that an event occurred after time ¢ then the probability of
that event is just f;(¢)dt. Moreover, if it is known that the event at time ¢ was
a move to state k, then the probability of this event is f;;(¢)m;; which equals
Aik (1) exp {f fg Zle )\ik(s)ds} dt, where K is the number of possible states.
The joint p.d.f. of the indicator variables D;q,...,D;k and the duration X; is
therefore

o K K
f(di, ... 7diK,$z‘)—eXP{/O Z)\ik(S)dS} T Xk (o) in.
k=1 k=1

Hence the log-likelihood function for the 7’th departure is given by

K

U(dy, w3 woi | Fim1) = {dikz log()\ik(%‘))/oxi /\ik(s)ds} :

k=1

Summing over all events, IV, the log-likelihood function is
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ld,x;wa | Fiv) =) Udj, x4, wai | Fiz1). (A.1)
=1

Notice the simplicity of this likelihood function when expressed in terms of the
transition intensities. Specifying the transition intensities — preferably based on
economic theory — leads directly to the likelihood function. All dependence of the
likelihood on parameters and past information comes through the transition inten-
sities. We make this dependence explicit in the following notation that specifies the
transition intensities conditional on the past filtration:

Nike (1) = Xigo (8| Fimq, woir) =X (LY L DL X i),

We continue to adopt a notation that expresses the transition intensities as a function
of Yi=1, D=1 and X*~! because much of the empirical analysis aims to find the
best functional form for the transition intensities as a function of these components.

If only two events are possible—namely an up-move or a down-move—the log-
likelihood function (A.1) takes the form:

N

U(d,x,w2 | Fy) =Y _{dirlog(Ni1 (7)) + dig log(Nia ()
i=1

_ /0 " i1 (5) + Mia(s))ds ). (A2)

Estimation of this equation requires specifying a model for the transition intensities
Ai1(z;) and A;o(z;). Since the hazard function, \;(¢), and the transition intensities
are instantaneous probabilities, they must be positive. To avoid introducing com-
plicated restrictions on the parameters resulting from this constraint, we model the
logarithm of \;(s), k=1, 2. The simplest specification of the transition intensities
ignores any dependence on past marks and therefore takes the form

Nk ()= (exp [wi(D'1 XL AT @) 1) k=12,

for A1) ={ A i—1(t), Ai—1(£), Mi—2(t), A2 i—a (1), ... }.

Duration-invariant specifications assume that the transition intensities are inde-
pendent of ¢. Hence they do not depend on the time since the last event and, using
that ¢(s,t) = s, simplify to'®

Agp = exp {z/)i(Di_l,Xi_l,Ai_l) k=1,2. (A3)
This reduces the log-likelihood function to
N
I(d,x,wa | Fn)=>_{di1log(Ai1) +dizlog(Niz) — (N1 + Ai2) } -
i=1

18 We take duration-dependence to mean that the hazard rates for a given event change with the length
of the associated duration and thus depend on ¢. Time-dependence means that the hazard rates depend
on ¢, the event number. Using these definitions the intensities defined by (A.3) are duration-independent,
but time-dependent.
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The hazard function is simply \; = \;1 + A\;o while, using (16), the two transition
probabilities are
)\.
mie=2k  k=1,2. (A.4)
Ai
In this model the probability that the next event will be an up or a down move of
size ¢ therefore does not depend on when the event occurs and only depends on the
past through ;.

Appendix B: Extensions to time-varying covariates'

A potential drawback of the models formulated so far is that they only condition on
variables that are determined before the beginning of a particular duration and do
not allow explanatory variables to change within a duration. While such models are
of separate interest, it is clearly interesting to develop a framework that allows us to
address the effect of a change in variables such as the interest rate on the expected
duration of the event as this would allow investors to update their estimates in real
time. This effect is summarized by the change in the mean residual lifetime at the
point in time where the covariate changes. The mean residual lifetime at x measures
the expected remaining lifetime of the most recent duration:

Jo @—a)f@)dt _ [;° S(t)dt
S(x) S(x)

mri(z)=E(X —z|X >z)= (B.1)

Clearly this expectation changes with the covariates through the hazard func-
tion. In the exponential case the mean residual lifetime is simply given by

il () = [:2 exp (—0;(x)u) du —0(x) L.

e—0i(z)x

To deal with this complication we extend the MSMP model class to incorporate
time-varying covariates building on earlier work by Petersen (1986) and Hamilton
and Jorda (2002).%° To keep the notation as simple as possible, we present the
likelihood for a non-negative continuous random variable, T, that measures the
inter-event arrival time, and its state indicator, d. The time spent waiting for the
next event depends on a set of exogenous covariates, V (¢), that follow step-func-
tions or deterministic continuous functions of time. Hence the observed duration,
t, may be partitioned into intervals 0 =ag < ... < aj =t where V stays constant at

19 This material was previously contained in a paper entitled A Generalized Gamma Autoregressive
Conditional Duration Model.

20 One way of incorporating time-varying covariate effects is to utilize the Cox regression approach
suggested by Cox (1972) and detailed in Cox (1975). The Cox regression is a semiparametric method
which in a first step estimates the effect of the covariates parametrically and then, in the second step,
estimates a nonparametric baseline hazard. This method assumes that the observations are independent,
and it is not clear how one would extend it to the case with sequences of dependent durations.
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V(aj_1)in [a;_1;a;) and jumps to V(a;) at aj, for j=1,... k. In this setting the
hazard rate conditional on the path of the covariates up to time ¢ is defined as
A@IV(#) = MV () +X2(tV(H))
_ hmP(t§T<t+h,D:1|T2t,V(t))
|0 h
PA<T<t+h,D=0T>tV(t))
hl0 h '

Based on the partitioning sequence, {aj }]S, the cumulative hazard is

(F/ (u|V(u))du= ZA”>MV%”M (B.2)

The assumption of step-function covariates makes integration easy because the total
duration can always be partitioned into sub-periods during which all the covariates
stay constant. As usual the survivor function is given by S(t) = exp(—A(t)), while
the likelihood of the i’th duration is given by

Li = 1 (4 V()5 Na (8] V (1)) 25 (1), (B.3)
and the log-likelihood function of the full set of events for the ith duration is
InL; = d;1In A1 (¢ |V(tl_)) +dioIn Mo (t|V(t7)) +1nS(t;)

3
1

= din In A (8 V(2;)) + dig In Xig (6| V(8;7))

*ZL Au|V(aj_1))du.

In practice we have a sample of events at times ¢g, ... ,%;,t;4+1,...,¢tn and
wish to consider the duration from the ¢;_1’th to the ¢;’th event, z; =1t; — t;_1.
The covariates, x;, change at times a;g < ...<a; € [t;—1;t;) with a;o=t;_1 and
a;1 =t;, where ¢ refers to the duration number and k refers to the partition. The
log-likelihood for the full sample is thus given by?!

N
InL =" (din In At (8 V(7)) + iz In Ao (8] V (£))

i=1

72/ Au|V(aij_1))du) (B.4)

ij—1

and the model is fully specified through the functional form of the hazard function.
Transition intensities that include dynamic autoregressive effects and time-vary-
ing covariates now take the form

21 Here we assume that there are no censored observations, i.e. that all events have finished by the
end of the sample. This assumption is of course harmless since it at most affects one duration spell (the
one at the end) in our sample.
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In (Aig () = M1+ A2 In(Ni—q g (2i-1)) + Apazi—1(Ni—1,1(2i-1)
FAi—1,2(zi-1)) + B V(1)

for k=1, 2, where \;_1 j(x;_1) is the transition intensity at the end of the previous
duration. Notice that the hazard rate only depends on ¢ through time-variations in
the covariates:

At =ti—1[V(8)) =i (8) + Aia ().

Utilizing the step-function assumption, from (B.4) we get the following log-likeli-
hood:

N

InL =" | dinIn A (ajg—1) +dig In Mg (@i —1)
i=1

k
= (aij—aij1) i (aii-1) + Nia(aij—1)]
j=1

We use this specification in our empirical analysis in Section 4. It provides a general
framework that encompasses as special cases MSMP models with constant transi-
tion probabilities (Ao = A3 =0 and B = 0) and pure autoregressive conditional
duration models (35 = 0).
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